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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

RESEARCH MEMORANDUM

ANAT.YSIS OF TURBOMACHINE VISCOUS LOSSES AFFECTED BY CHANGES
IN BLADE GEOMETRY

By James W. Miser, Warner L. Stewart, and Werren J. Whitney

SUMMARY

The effect of changes in blade geomebtry on the viscous losses in
turbomachines ls analyzed. The variables affected by changes in blade
geometry that are considered are blade number, solidity, aspect ratio,
Reynolds number, and treiling-edge blockage. For changes in blade geom-
etry that involve a change in blade chord length, the viscous losses are
assumed to vary lnversely as the one-fifth power of the flow Reynolds
number based on the blade chord length.

Viscous loss can be expressed as a function of three variables: the
blade height-to-spacing ratio, the solidity, and a height Reynoclds number.
Variations of the first two result in counteracting effects of the end-
wall or the blade surface areas, or both, and the momentum loss per unit
surface area. Thus, optimum values of blade number and solidity can be
determined for the example turbine experimental data presented. However,
for variations in the height Reynolds number, there 1s no effect of ares
to counteract the effect of changes in the chord Reynolds number; there-
fore, for every increase in the height Reynolds number an Iimprovement in
aerodynamic performance 1s predicted.

In the snalysis it is determined that the blade number can be changed
over a wide range from the optimum value with little effect on blade vis-
cous loss. For changes of solidity only, experimental data indicate that
solidity can be varlied over a more limited range with very little effect
on the blade viscous loss.

Because changes In the trailing-edge blockage glso affect the blade
total-pressure loss, the effect of varying tralling-edge blbckage is
analyzed. Trailing-edge blockage might affect to 8 large extent the num-
ber of blades that correspond to the minimum totsl-pressure loss, espe-
cially for large trailing-edge thicknesses.
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INTRODUCTION l *

As part of the NACA turbomachine research program, the various <
factors that affect the source and magnitude of the aerodynamic losses
within blade rows are belng studied. The results of these investigations
should provide the basis for design of more efficient turbines and point
to new areas of research.

The principel serodynamic losses in turbomachines are attributed
to the development of a boundary layer on the surfaces of the blades and
the Iinner and outer wallse. Recent investigations have been made with
regard to the possibility of correlating losses in turbomachines on the
basls of baslc boundary-layer parameters. Reference 1 describes the basic .. . .-
boundary-layer parameters at the blade trailing edge and presents a method
for calculating a two-dimensional loss from these parameters for an as-_
gumed simple-power-law velocity profile. Reference 2 shows that blade
wekes obtalined experimentally can be satlsfactorily approximated by the
simple-power-law veloclity profile with an exponent of 1/7. Reference 3
presents a means of obtaining a three-dimensional loss based on mean-
section boundary-layer parameters that are assumed to represent the
average mcomentum loss over both the blade-and the end walls. On the "
basis of the preceding investigations, reference 4 presents a method of
obtaining an effectlive momentum thickness for rotors based on turbine
over-all performance and knowledge of stator losses.

T90%

Using the relations between boundary-lsyer parameters and blade loss
developed in references 1 to 4, an analysis 1s made herein of the effect
of changes in blade geometry on the viscous losses in turbomschines. The
variables affected by changes in blade geometry that are consldered are
blade number, solidity, aspect ratio, and Reynolds number.

This report also presents a method of optimizing the blade number
and solidity for a glven application 1f-the blade loss variation with _
solidity can be estimated or experimentally determined. Also discussed
are the penalties in performance that accompany deviatilons from optimum
values of blade number and solidity. Because tralling-edge blockage af-
fects the selection of--blade number, i1ts effect on blade losses is alsoc
considered.

METHOD OF ANALYSIS

The over-all blade losses considered in this report can be divided

into two parts: (1) the blade viscous loss resulting from the develop- =}
ment of a boundary layer on the blade surface and (2) the mixing loss
associated with the mass-flow void behind the blade tralling edge. For "

a given trailing-edge blockage and flow velocity diagram, the blade vis-
cous loss can be considered to be independent of that due to the

S
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tralling-edge blockage. However, in determining the optimum number of
blades on the basis of the minimum over-all blade loss, the effect of the
trailing-edge blockage must be considered. For this reason, the effect
of trailing-edge blockage on over-all blade loss is discussed in the sec-
tion entitled RESULTS OF ANALYSIS.

If the blade viscous loss is considered to be independent of the ef-
fect of trailing-edge blockage, & relation between blade geometry and
blade viscous loss can be developed. From this relation, optimum values
of some of the blade geometric quantitlies are obtained, and then the ef-
Tects of deviating from these optimum values are determined.

In reference l, changes in the over-all blade viscous loss were
found to be directly relsted to the momentum thickness at the traliling
edge expressed in terms of a momentum-thickness parameter g%, (See
appendix A for definitions of symbols used in this report.) Therefore,
changes in the value of the momentum-~thickness parameter 6% are used
herein to represent the trends of changes in the blade viscous loss wilth
changes in the blade geometry.

Throughout this report, fully developed turbulent-boundary-layer
conditions are assumed. For turbomchines, this assumption appears to
be in good agreement with experimental results (see ref. 2).

Relation between Blade Geometry and Blade Viscouse Loss

As g fluid passses over any surface, s boundsry layer develops be-
cause of the viscoelty of the fluld. The viscous loss resulting from
the development of the boundary layer 1s often described in terms of a
momentum thickness 6 (see ref. 1). Consldering the two-dimensional
blade shown in figure 1, s boundary layer would build up on both the suc-
tion and pressure surfaces; therefore, there would be g momentum thick-
ness for each surface, namely 65 and ep. The sum of the momentum

thickness on each surface is termed a total momentum thickness etot'

In reference 4, the average blade surface length was closely ap-
proximsted by the blade mean camber length. This reference also pointed
out that the ratio of the blade mean camber length to the blade chord
length c¢ 1is almost a constant for a given velocity disgram over g wide
range of sollidities. In the subsequent development, it is more advan-~
tageous to express the two-dimensional blade surface area in terms of the
blade chord length c¢j; therefore, the momentum loss per unit blade surface
area 1s represented hereln by Gtot/2c° This use of the blade chord

length instead of the mean camber length affects only the magnitude of
the momentum loss per unit surface area and in no way affects the results
of the analysls presented herein.
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‘The viscous loss along a blade surface depends on the velocities
and flow conditions glong the surfece. Reference 2 shows that the momen-
tum thickness at any point along the blade surface can be expressed by
the following equation, which is equation (6) of reference 2 rewritten
with the symbols of this report:

0.7888
o WL+H]1-268, 0.268 )
oW W B
6. = 0.231 cr/fs\ crifs s >
) [( oW ) (W)ﬁm):] 100-678(2n+1)
P Wor) ra\Wer/rs o J
(1)
where ) .
X = [ T_ - l( ) 0.487
Y + L\Wer/rs
1 1/14
"ﬁ 2.6 Refs z

The free-stream Reynolds number Refs’z at any point along the blade

surface is based on the surface length from the leading edge to the
point in question. The form factor H 1s the compressible-flow form

factor.

For variations 1n blade geometry that do not affect the velocity
distribution along the blsde surfaces, equation (1) shows that

6 -0.211

S " f€e,rs (2)
where the chord length ¢ 1s agaln used to spproximate the blade sur-
face length. The exporent-of -0.211 agrees closely with the exponent of
-1/5 that is commonly used.in discussing viscous losses of turbulent
boundary layers (e.g., refs. 5 and 6). In the following development,
the momentum loss per unit blade surface area is assumed to vary in a
manner similar to that based on one surface only, as in equation (2),

so that-

9 .
tot -
2c ~ Recm (3)

L Teny .



4061

i»

A

NACA RM ES56F21 L 5

where

- Be (4)

In the calculations of values used in the figures of this report, the
value of m 1s assumed equal to 1/5.

For variations in blade geometry that do affect the surface velocity
distribution, such as a change in channel shape for a glven solidity or a
change in the solidity itself, eguation (1) shows that the value of the
momentum thickness for each surface wlll change, and thus the total mo-
mentum thickness 6y, will change. Therefore, even though the blade

number and blade chord are specified, there can be g multitude of values
of Btot for a given velocity diagram.

To understand the changes in total momentum thickness with changes
in velocity distribution, first consider a blade of miniwmum solidity
that would have high blade loading. Such a blade could have a high ve-
locity level on both surfaces as a result of both a low solldity and a
channel designed for high velocities on both surfaces. In this case,
the momentum loss per unit blade surface area Qtot/ZC would be high.

Next, consider a blade of almost infinlte solidity for which the veloc-
ities on both surfaces would approach those of the axisymmetrlic solution.
In this case, the momentum loss per unit blade surface area Gtot/2c
would approach a constant. Between these two extremes of solidity, the
value of etot/zc depends not only on the solidity but also on the sur-

face veloclity distribution for each solidity.

In addition to the veloclty level on the blade surfaces, the static-
pressure variation along the blade surface mugt also be considered. For
instance, as the solidity is decreased, the loading per blade must in-
crease to maintain the same veloclity diagram; and, as blade loading in-
creases, the static-pressure difference between the two surfaces also
increases. If the static pressure on the suction surface decreases be-
low that at the blade exit, then a static-pressure rise must occur,
causing the boundary layer to thicken rgplidly and possibly separate from
the surface. (This boundary-layer condition is known as surface diffu-
sion.) If the static pressure on the pressure surface rises sbove the
static pressure at the blade inlet, then a surface diffusion would occur
on the pressure surface. Thus, it can be seen that for a given solidlity
a wlde range of blade losses could occur, depending on the amount of sur-
face diffusion that is allowed to occur and on which surface the diffu-
sion takes place.
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In view of the multitude of wvalues of Gtot/ZC that could exist

for a given solidity, it is necessary to define which values should be
used for each value of solidity; otherwlse, an expression of Gtot/ZC

as a function of sollidity would be impossible. In an analysis of this
sort, the minimum momentum loss per unit blade surface area for a glven
golldity and veloclity dlagram should be used. With the design procedures
of-references 7 and 8, the authors feel that it 1s possible to control
the surface velocities at design operating conditions to attain close to
g minimum momentum loss per unit blade surface area. With the surface
velocities thus controlled, it seems reasonable that Oiot/2c can be ex-
pressed as a functlion of sclidity.

With the preceding stipulation on the momentum loss per unit blade
surface area, for a given solidity the value of Gtot/Zc for one velue

of. the blade chord length ¢ can be related to that for a reference
value of blade chord length by equation (3), which shows that

Btot _ 9tot ec ref
5o (5)
ref

In & two-dimensional cascade such as shown in flgure 2 the blade
loss can be described by a momentum-~-thickneass parameter 62 p» which

represents the tangential projection of 6ot divided by the
blade spacing (see ref. 1), or _

o* - rot
2-D ~ ‘g cos By

which modified is

G
¥ [ “tot 2¢
82.p ‘( 2c>s cos By (6)
Substituting equation (5) intc equation (6) and simplifying glve
m

3 _ 6tot Req,ref c
65_p = (7)

c ref Rec s cos Bl

For the three-dimeneionsl case of_ turbomachines, the inner and outer
walls also contribute to the viecous loss of-a blade row; therefore, a
three~dimensionel analysis must be considered that includes the wall ef-
fect. Reference 3 shows that the three-dimensional loss can be satis-
factorily predicted fram the two-dimenslional loss based on mean-section
conditions by the followlng relation:

90V



4061,

iy

NACA RM E56F21 ST 7

where ag 1s the blade stagger angle, ¢ 1s the blade solidity, and
is the aspect ratio. Then, substituting equation (7) into equation (8)
and replacing o4 by ite equivalent, b/s, result in

¥ L2

o <etot) (RecJ ref) c \ / COs ayg (8)
3-D ref\ Rec 8 cos B]j\ bE
Substituting equation (4) into equation (9) gives
9 Re cos og
* tot c,ref
3 D~ )ref( ) (s cos Bl) 1+ b7s (10
To orgenize equation (10) a little differently, let
l-m l-m ~-m
c =(S 8 ~m
8 —(s) (b) b (11)

Then, substituting equstion (11) into equation (10), ¢ for c/s, and
rearranging the terms give

cos or, 6 R
26 - T )., ——f——co: et )
(g) /(o) f(Reb)
— ——
A B c

By arranging the terms in equation (12) as shown above, the viscous loss
for a glven veloelty diagram, as represented here by a three-dimensiocnal
momentum-thickness parameter, 1s shown to be & function of three vari-
ables, the blade helght-to-spaecing ratio b/s, the blade mean-section
solidity o, and a Reynolds number based on blade height Rep (herein-

after called a height Reynolds number). Examples of the changes in
blade shape for each of these varisbles are given in figure 3. The ef-
fect of the change of each variable is determined in the remainder of
the analysis and is discussed 1ln the RESULTS OF ANALYSIS.

It should be noted that the blade stagger angle ag and the blade
outlet relative gas-flow angle [ a&are largely dependent on the veloecity
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diagram and are spproximately constant for a particular application;
therefore, they are consldered to be constant for each set of design
conditions.

With regard to stating (etot/c)ref— as a function of solldity o

in equation (12}, it—should be remembered that, according to previous
stipulations, there is considered to be only one value of etot/c for

each value of solidity based on the minimum momentum loss per unit-blade
surface ares for a glven solidity and veloclty diagram,

Determination of Optimum Blade Geometry

Equation (12) shows thet the viscous loss of s blade row is a func-
tion of three independent variables, the blade height-to-spacing ratlo
b/s, the solidity o, and the height Reynolds number Re,. Because of

the independence of these three varlables, an optimum value of the
momentum-thickness parameter..eg;p-"can be determined by optimizing each

variable separately. Also, the effectof each variable on Bg;D can be
studled independently.

Blade helght-to-spacing ratio and related parameters. - For a de-
crease in the blade height-to-spacing ratioc b/s resulting from a change
in blade spacing s (holding solidity o and height Reynolds number Reb
constant) as shown in figure 3{a), the total surface area of all the
blades does not change, but both the chord length and end-wall areas in-~
crease. As the chord length becomes longer, the chord Reynolds number
Reps dncreases. Thus, by equation (3) the momentum loss per unit blade
surface area decreases. Counteracting the effect of this reduction in the
mamentum loss per unit surface ares is the increase in end-wall ares over
which the momentum loss occurs. Thls counteraction indicates the possi-
bility of cobtaining some optimum value of b/s (or, in effect, an optimum
number of blades) which would be required to give a minimum value of blade
viscous loss. . R — “

To determine & minimun value of 6§;D as a function of the blade
height-to~-gpacing ratio b/é (holding o and Rey, constent as indi-
cated by subscripts on the partial derivative), let

*
965 _p da

Bl 0

=0

T907%
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From equation (12),

A /b m-1 ) b m-2
d(%) = ( ) + cos ag(m l)(s)

m

8
The value of the optimum blade height-to-spaclng ratio can then be ex-
pressed as :

()

Because the value of m cen be assumed equal to 1/5, the value of
(b/s)opt is thus determined by the stagger angle g, which 1tself is

approximately specified by the blade veloclity dlagram (see appendix B).
Therefore, on the basis of the velocity dlagram slone, an coptimum blade
height-to-spacing ratic can be determined.

opt =(i - l) cos ag (123)

In order that the results of the preceding analysis can be Inter-
preted in terms of the hlade number N and the aspect ratio of, let

Th
b=r -1 = rt< - ;;) (14)
t
and
ZTfI‘m J'[I‘-t I‘h
8 =" =W 1+ ?t- (15)

Dividing equation (14) by equation (15) gives

(16)

How, since the hub-tip radius ratio is specified by the veloclty dlagram
and since (b/s)opt is known from equation (13), then the optimum number

of blades for these conditions and a constant hub-tlip ratio fram blade
inlet to ocutlet can be obtained from the following resrranged form of
equation (16):

————



10 A NACA RM ES6F21

h
1+ —
N (b) Tt
t = M3
op 8/opt Ty
T
or from its equivalent form
r
l+'£‘£
1 t
Nopt = “Cﬁ - l)cos g T (17)
Tt

Curves of Nopt as a function of rh/rt for a range of values of ag
are shown in figure 4 for an m of 1/5.

The value of_the optimum blade height-to-spacing ratio determlned
by equation (13) corresponds to a particular value of the product of the
solidity o and the asgpect ratio .o, as shown by

By _(fek =
(E)opt - 8 C OPt (Ud)Opt (le)

Equation (18) can be interpreted to mean that for a given velocity dia-
gram and e glven solldity there is a value of the aspect ratio which will
result in a minimum viscous loss for the given conditions. Figure &
shows such values of aspect ratio over a range of solliditlies and velocity
diasgrams (as shown by the stagger angle «g). If the optimum solidity is

known or estimated from appendix B, then an optimum aspect retio can be
determined.

Solidity. - For an increase in solidity o (holding the blade
height-to-spacing ratio b/s and height Reynolds number. Rey, constant),

the blade chord length ¢ and the surface areas of both the blade and
end walls increase as shown in figure 3(b). The momentum loss per unit
surface area Qtot/zc decresses as & result of both a decrease in the
blade loading {which decreases the velocitlies on the blade surfaces, as
discussed previously) and the effect of an increase in the chord Reynolds
number (see eq. (3)). Counteracting this reduction in the momentum loas
per unit surface area is an Ilncreamse Iin the total blaede surface and end-
wall area over which the momentum loss occurs. This counteraction indi-
cates the possibility of obtalning an optimum solldity that would result
in & minimm value of blade viscous loss.

90%
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To determine a minimum value of viscous loss with respect to solidity

(holding b/s and Re,, constant), let

*
<893_D) _a
da b/s,Re, do
From equation (12),
d<etot)
8 c

dB _f“tot _ -m 1-m ref

2 (- )ref (1 - m) o+ (olm) 22 (19)
The value of the optimum sollidity can then be expressed as

ot do
oopt = (1 = m){—3 — (20)

{ ref,opt a Otot
c refJdopt

A method of determining the optimum solidity is to rearrange equation

(20) as follows: _
ot
(d.__ _ _(l 1 m) d( co )ref-l

o/opt 9to€>
c ref jopt

{12 m)d[lnCZOt)ref,Opt]

Then, by further resrrangement,

e
d 1n(_£°_t)
¢ /ref,opt

3(In oopt) =-(-m (21)

and to express 1t as

d(In ogp)

Therefore, if (Opyt/¢)per 18 DPlotted as a function of solidity o on
logarithmically scaled paper, the optimua solidity Oopt Ca8R be deter-

mined by the polnt where the slope of s tangent to the curve is equal to
-(1 - m), as in figure 6 for the example turbines.
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Height Reynolds number. - The height Reynolds number Rey, can

change as a result of both a change in blade height and a change in the
blade inlet flow conditions. In the following development, only the
change in height Reynolds number resulting fraom a change in blade height
1s considered. The effect of a change in helght Reynolds number result-
ing from & change 1n the inlet flow conditions 1is discussed in the sec-
tion entitled RESULTS OF ANALYSIS.

The turbine design conditions that-remain constant during a change
in helght Reynolds number resultlng from a change in blade height only
are the hub-tlp radius ratio, the rotor tip speed, and the velocity dia-
grams at corresponding radial positions. In order to hold these condi-
tions constant, the welght flow and annulus area must vary as the square
of the tlp diameter.

For an Iincrease in Rep as prescribed (holding the blade height-
to-spacing ratio b/s and solidity o constant, fig. 3(c)), the
total end~wall and blade surface areas increase as the square of the
t1p diameter, and the chord length ¢ increases directly as the blade
height (or tip diameter). The increase in the blade chord length ¢
results in an increese in the chord Reynolds number Rep, which re-
sults in a reduction in the momentum loss per unit surface area (see eq.
(3)). For the specified increase in Rep, the weight flow and total
gsurface ares increase proportionally; therefcre, on the basis of the mo-
mentum loss per unit of free-stream momentum, the effect of the increase
in chord Reynolds number on the reduction of the momentum loss per unit
surface area 1s not counteracted by the increase in total surface area
as in the case of changes in the blade helght-to-spacing ratio b/s and
solidity o. Then, as the blade height Reynolds number increaseg, the
viscous losses as defined by the momentum-thickness parameter Gg_D
would decrease; and, since there is no counteracting effect of a change
in surface grea, there will be no optimum value of the height Reynolds
number,

To verify the preceding discussion mathemastically, letting Rey
very and holding b/s end o constant, set

3051 ac
— =—=—=0 (22)

From equsation (12),

T90%
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For equation (22) to be true, the value of Rep, must approach infinity;

therefore, there is no minimum value of 65 D obtainable for changes in
Rep only.

Effect of Changing Blade Geometry

Sometimes g compromise has to be made between aerodynaemic efficiency
and mechanical conslderations; therefore, 1t is important to know what
penalty 1s psid in performance by deviating from an optimum blade con-
figuration. 1In the followlng sections the difference in the loss for a
glven blade configuration and that for an optimum or reference configurs-
tlon is indicated by the ratio of a momentum-thickness parameter to
either a minimum or reference momentum-thickness parameter. The changes
in geometry that are studied are defined by the three primary varisbles
previously considered, namely, the blade height-to-spacling ratlo b/s,
solldity o, and helght Reynolds number Rep, where the blade inlet flow

conditions are conslidered to be constant.

Blade height-to-spacing ratio. - From equation (12), the change in
the value of the momentum-thickness parameter with a change in the blade
height-to-spacing ratio b/s for a given velocity diagram (holding the
solidity o and height Reynolds number Rep, constant) as shown in fig-

ure 3(a) can be expressed by

8/opt b/s op

(S .8 ) -
65-D,min/a,Rey, (_g)m [1 S “s]
t

" Having prescribed the blade height b constant by assuming a constant

value of the height Reynolds number Rep as discussed previously, then,
for a given hub-tip ratio,

L]
8 N
23 (24)
s
which, rearranged, 1s
b =(E) - (25)
8  8/opt “opt
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Substituting equation (13) into equation (25) gives

N
Nopt

1 =('Ei1:' - l)cos ag *

s (28)

Then, substituting equations (13) and (26) into equation (23) and simpli-

fying give
& . . .
3-D (X \N"1 4 m [(__N )'l - ] (27)
(es-D,mi;)d,Reb (;OP;) Nopt

The variation of the momentum-thickness psrameter with the number of
blades as given in equation (27) is shown by figure 7{a) and is dis-
cussed.in Tthe RESULTS OF ANALYSIS.

Solidity. - From equation (12), the change in the value of the
momentum-thickness parameter with & change in solidity o for a given
velocity diagram (holding the blade height-to-spacing ratio b/s and
height Reynolds number Reyp constant) as shown in figure 3(b) can be

expressed by

Btot l-m
o ~ ) .
( 3-D = ref (28)
§5-D,min/b /8,Rey, (etot) L
€ Jref,opt opt

Values of (etot/c)ref could be obtalned from s curve of etot/c as a

function of ¢ such as figure 6. The curve in figure 6 1s based on the
experimentel performance. of four turblne rotors differing only in so-
11dity. The method for obtaining the value of 64,./c for each rotor

is discussed in connection with the DESCRIPTION OF EXAMPLE TURBINES.

From figure 6, values of—(8tot/c)/(Otot/c)opt were calculated for a
range of values of U/Uopt: assuming that the optimum values correspond

to the point where the slope of the curve is equal to -(l - m) as pre-
vicusly discussed. Then, by substltuting these values into equation (28)
and using sn m of 1/5, corresponding values of Gg_D/Gg_D { were

2
calculated. The variation of 6%5.p/6%.p pnyn with o/og, 1s showm in
figure 7(b) and is discussed later in the RESULTS OF ANALYSIS.

Blade helght-to-spacing ratic and solidity combined. - For a given
velocity diagram, the effect of varying the blade height-to-spacing ratio

-

: T90F
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(or blade number) and solidity (holaing the heighit Reynolds number Rey

constant) can be determined by superimposing the effect of one upon the
other. From equations (27) and (28),
o
< tot) Ul_m
¢ /rer

12‘;2_ =(—-—N )m 1l +m ——N -t -
93-D,min/Re, VoD, Nopt (etot) l-m
_ ¢ /ref,opt °Pt

Because the effects of varying the blade helght-to-spacing ratio and so-

(29)

lidity are represented by a product in equstion (29), the effect of vary-

ing one of these two varisbles, holding the other varisble at some value
other than optimum, is to increase by a constant multiplier the smount

of the change of D/G* 3-D,min wlith the chosen variable. For example,
for s constant N/Nopt = 1. 0 the effect of a solidity varistion on

0% p/%% p,min is magnified by the value of 6% p/6% p ngy calculated
by equation (27) for the particular value of N/ opte A similar effect
on the variation of 63 D/GS D,min with N/N pt exists for

“/Gopt Z 1.0. The combination of the effects of changes in blade number
and solidity on the value of &5_ D/BS D,min 18 shown in figure 7(c) and
is discussed later in the RESULTS OF ANALYSIS.

Aspect ratio. - In order to determine the varistlon in the momentum-

thickness parameter with changes in aspect ratio for a given veloclty
diagram (holding the height Reynolds number Rey constant), substitute

equation (18) into equation (24) as follows:

b

8 = N Lo (30)

(E)opt Topt  (afolope

Then, on the basis of the discussion of equation (18), for sn optimum
value of solidity, an optimum aspect ratlio can be determined. Then,
assuming an optimum solidlity for the condition of an optimum blade
height-to-spacing ratio, egquation (30) can be rearranged in the follow-
ing form:

-1
o K- 4 N
= . 31
Copt <&1opt> Nopt (51)
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Now, if J’VJ”bpt is assumed to be constant, thern equation (31) repre-
sents the equation of a straight line through the origin with a slope of
(a!/digpt) 1. Such lines of constent va opt 8re shown on figure
7(c), and they indicate the variation of 85 D/BS D,min for blades of

constant height and constant chord length, but varying blade number and
solidity.

Height Reynolds number. ~ As previously discussed, there is no op-
timum value of the height Reynolds number Rep cbtalnable; therefore,

the variation of the momentum~thickness parameter with a change in Rey

for a given velocity disgram (holding the blade height-to-spacing ratio
b/s and solidity o constant) is based on a specified, or reference,
value of- Rep, as in the following equation:

%.p [ B \™ (32)
ol “\Rey, rer
3-D,ref/b/s,c sTe

For constant inlet flow conditions, equation (32) can be expressed as

6x -
(),
63_D,ref/b/s,0c \°ref

As shown by equation (32), the momentum-thickness parameter Bg D

varies ag the -m power of the height Reynolds number for the condi-
tions specified. This variation of 93 p with Rep 1s shown in figure

7(d)} and is discussed in the RESULTS OF ANALYSIS.

DESCRIPTICN OF EXAMPLE TURBINES

The four turbines chosen for use in the development of the anslysis
of this report have been previously reported in reference 9. Also dis-
cugsed 1s a fifth turbine reported in reference 10. All five turbines
are brlefly discussed herein, and some of the geometric and performence
variables are given in table I. More complete descriptions of the de-
gigns and test results gre glven in references S and 10.

The four turbines of reference 9 differed in the number of rotor
blades only, and they consisted of 64, 44, 32, and 24 blades. The blade
shapes were the same for each number of blades; and, to change the blade
spacing for different numbers of blades, spacers were placed between the
blade bases. Tt should be noted thaet the varlation in number of blades

. 907
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results in a variation of solidity without a subsequent change 1n blade
profile to control the blade surface velocities. In spite of this, low
surface diffusions probably occurred because the flow within the rotor
passage turned through an angle of only 51° at the mean section. There-
fore, the four turbines of reference 9 should yield a variation of blade
viscous loss that is fairly representative of the values of minimum vis-
cous loss for each value of solidity.

The example turbines had a tip diameter of 14 lnches and a hub-tip
ratio of 0.6. The chord setting angle of all the rotor blades was 28°.
The blade-section coordinates for the 88-blade rotor were half those for

the 44-blade rotor. For each of the five turbines, the same stator blades

were used.

The viscous loss calculated for the five turbine rotors was based on

an effective momentum thlckness Gtot calculated for each of the rotors

by the method glven in reference 4. The effective momentum thickness for

each rotor was determined from a rotor loss total-pressure ratio based
on experimental performence data cbtalned at design operating conditions.
In order to calculate the rotor loss total-pressure ratio, 1t was neces-
sary to determlne the turbine over-all total-pressure ratio at design
specific work and speed by interpoleting between total-pressure-ratio
contours shown on an experimentally obtalned performsnce map. It was
also necessary to obtain a value of loss total-pressure ratio for the
stator used.

The deslign-point efflclency based on the interpolated value of total-

pressure ratio can be calculated to three decimal places with only a
probable error of about 1 in the third place due tc the interpolation.
Although the absolute value of efficiency to this degree of accuracy 1s
questionable, the trend of the rotor viscous loss based on the perform-
ance maps of the five turbines should be falrly accurate, becaguse the
same test facllity, instrumentation, and procedure were used for each
turbine. The variatlion in deslign-point efficlency of the four turbines
of reference 9 is presented as a function of solidity o in figure 8.
If figure 8 is compared with figure 6(a) of reference 9, it should be
noted that reference 9 caompares the four bturbines on the basis of a max-
imum efficiency and g solidity based on the axial blade chord length.
Therefore, the values in figure 8 are not equal to those in figure 6(a)
of reference 9.

RESULTS OF ANALYSIS
In previous sections, the variation of wviscous loss with changes in

blade geometry has been developed. The principal variables that were
found to have a direct effect on the viscous loss for a given velocity

e e mom
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diagram are the blade helght-to-spacing ratio b/s, the solidity o, and
the height Reynolds number Rep. The results of the previous gnalysis
and the significance of each of these variables are discussed below.
Since the tralling-edge blockage also affects:the over-all blade loss
after mixing, a brief account of 1ts effect on the selection of the num-
ber of blades that will result in the minimum over-all blade loss will
be discusgssed 1n comnection with the effect—of the blade helght-to-spacing
rgtio.

Blade Helght-to-Spacing Ratio

As pointed out previously, the effect of varying the blade height-
to-spacing ratio (holding the solidity o and helght Reynolds number
Re, constant) as shown in figure 3(2) results in a chord Reynolds num-

ber effect on the-momentum loss per unit surface area, which is counter-
acted by a change in the area of the end walls, while the total blade-
surface area remains congtants These counteracting effects sre shown by
figure 7(a) to counterbalance each other 6ver & Wide range of blade-
nunber ratio N/Nopt, especlally at blade numbers greater than the opti-

mum. For example, over a range of N/Nbpt fram 0.37 to 2.60 (a change

in blade number -of sbout 7 to 1) the change in the momentum-thickness
parameter never exceeds 10 percent of- the minimum value.- A gimilar re-
sult is shown in figure 48 of reference 11, which gives the variation in
compressor efflciency with the number of blades.

This insensitivity of blade loss to=a change in number of blades is
also indicated by the experimental and predicted losses of the 88-blade
rotor of reference 10 and the 44-blade rotor of reéférénce 9. Both of
these rotors were designed for the same solidity, blade height, and
stagger angle and operated at similar inlet flow conditions. Therefore,
the fundemental difference between the rotors was the number of blades
(or aspect ratio). Comparing the design-point efficlencies determined
by the method of interpolation discussed in the DESCRIPTION OF EXAMPLE
TJURBINES shows that the efficiency of 0.887 for the 88-blade rotor is
slightly less than the 0.831 for the 44-blade rotor. These two values
of efficiency can be considered equal considering the possible experi~
mental error; however, it 1s Interesting to compare this small change in
efficiency with the predicted change In the rotor blade viscous loss as

indicated by figure 7{(c). The optimum values of blade number and solidity

used in determining the location of the data points for the two rotors in
figure 7(c) were based on the optimum values predicted in the METHOD OF
ANALYSIS. The date point for the 44-blade rotor is on an &f/sfony line

of 0.9 and in a region of 6% p/65 p ;yp less than 1.0l, and the date
point for the 88-blade rotor is on an &I/bept line of 1.8 and in a

T90V
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region of 035_p/63.p min ©OF about 1.038. This small difference in the

momentum-thickness-parameter ratic indicates that the 88-blade rotor
would have a slightly higher viscous loss than the 44-blade rotor. Com-
parison of thils result with the small difference in design-point effi-
clencies shows that the slight increase in viscous loss agrees with the
slight decrease in efficlency. This comparison and results discussed
later indicate that for the Tive example turbines an increase in
gg—D/sg—D,min of 0.0l corresponds to a decrease in efficiency of about

0.001.

Because the four turbines of reference S have the same aspect ratio,
their values would be located on the constant Jﬂ/&ybpt line through the

dats point for the 44-blade rotor shown in figure 7(c). The experimental
variation of atot/c with o wused to obtain this figure 1s represented

by the variation of a*g_D/s*;_D,min along this constant &7/ oy line.

In the method presented for determining the opitimum number of blades
for a glven velocity diagram, the losses assoclated with the trailling-
edge blockeage were assumed to be constent. If, however, the traliling-
edge thickness cannot be reduced as the blade number is increased, the
trailing-edge blockage must increase with an incresse in the number of
blades. Although the magnitude of the change in over-all blade loss with
a change in trailling-edge blockage cannot be sccurately determined by
theory, the trend of the changes can be obtained from the theory. For
example, the results of a series of calculations made for the stator of
reference 8 by the method, given 1n appendix C are shown in figure 9. In
this figure, the variation in the loss total-~pressure ratio pé/pé repre-

sents the variation in the over-all blade loss after mixing.

In figure 9, the values shown for zero trailing-edge thickness repre-
sent the variation in the over-all blade viscous loss with changes 1n
blade number similar to that shown in figure 7{a). For a glven blade
number, the difference between the loss at any given trailing-edge thick-
ness and that at zero tralling-edge thickness represents the contribution
of the trailing-edge blockage to the over-all blade loss.

The two circled polnts in figure 9 represent results for the same
trailing-edge blockage but for different blade numbers and trailing-edge
thicknesses, namely, 40 blades with 0.050-inch-thick trailing edges and
80 blades with 0.025-inch-thick tralling edges. The difference between
the loss totsl-pressure ratlos for trailing-edge thicknesses of zero and
0.050 inch for 40 blades is egual to the difference in loss total-
pressure ratios for tralling-edge thicknesses of zero and 0.025 inch for
80 blades. Similar comparisons can be made elsewhere on the figure;
therefore, the assumption that the loss associated with the trailing-edge
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blockage 1s constant for a constant trailing-edge blockage bhut varying
blade number seems to be vglid for a specified velocity dlagram.

As an example of the variation ofover-all blade loss with a change
in trailing-edge blockage, conslder the curve in figure 2 for a constant
trailing-edge thickness of 0.050 inch. This curve indicates a chenge in
the loss total-pressure ratlio from 0.9535 to 0.9695 with a change from
60 to 23 blades. Comparing this varistion with that for zero trailing-
edge thickness indicates that the loss sssociated with trailing-edge
blockage may be high and that this loss should be considered in select-
ing the number of blades corresponding to the minimum over-all blade
loss. B o T

It should be noted that the optimum number of blades decreases with
increases in the tralling-edge thickness. For example, figure 9 indi-
cates that the optimum numbers of blades for trailing-edge thicknesses
of 0, 0.010, 0.085, and 0.050 inch are 46, 38, 30, and 23, respectively.
Therefore, the use of figure 4 in determining the optimum number of
blades is only applicable when considering a constant tralling-edge
blockage and not when consldering & constent trailing-edge thickness.
Because variations in trailing-edge blockage aff'ect the value of the
blade number corresponding to a minimum over-all blade loss, it 1s neces-
sary to determine the optimum number of blades for a specifled trailing-
edge thickness by considering both changes in the blade viscous loss and
the loss associated with the trailing-edge blockage. This can be done
by determining the values of the loss total-pressure rgtio for a given
trailing-edge thickness over a range of blade numbers by the method given
in appendix C and then selecting the blade number corresponding to the
maximum loss total-pressure ratio.

It should alsoc be noted from figure 9 that, for a change in the
tralling-edge thickness from zero to 0.050 inch, the maximum loss total-
pressure ratio changes from 0.8735 to 0.896895. Therefore, if thick trail-
ing edges are required, little penalty will be paid if the blade number
is reduced to correspond to the minimum over-gll blade loss for the
trailing-edge thickmness required.

Sclidity

It was pointed out in the analysis that varying the solidity (hold-
ing the blade helght-to-spacing ratio b/s end the height Reynolds num-
ber Rey constant) as shown in figure 5(b) results in a change in the

blade chord length and the surface areas of both the blade and end

walls. It was alsc noted that the momentum loss per unit surface

area changes with scllidity as a result of the effects of a change in

the chord Reynolds number and the blade surface ‘veloclty—distribution,
and that a change in the viscous loss as a result of a change in momentum

a—

-
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loss per unit surface area is counteracted by a change in the blade sur-
face and end-wall areas. These counteracting effects are shown by fig-
ure 7(b) to counterbalance each other over s range of solidities from

about U/UOPt of 0.73 to 1.31 (or a change of about 2 to 1), where the

change 1in the momentum-thickness parameter never exceeds 10 percent of
the minimum value. This variation in the viscous loss with solidity

can be compared with the variation in efficiency for the exsmple tur-
blnes shown in figure 8. For example, from a solidity of 1.20 to 2.25,
with an optimum indicasted at about 1.85, the effilciency remains within
0.01 of the maximum efficiency. A similsr wide range of soclidities with
little effect on deslign-point performsnce is also indicated by the itran-
sonic turbine rotors of references 7 and 12. The rotor of reference 7
had & solidity of 1.86 with & design-point effleciency of 0.869, and the
rotor of reference 12 had a solidity of 2.86 with an efficiency of 0.872.

A camparison of the variastions of the momentum-ithickness parameter
with blade number and solidity as shown in figures 7(a) end (b) indicates
that the viscous loss is more sensitive to changes in solidity than 1t 1is
to the number of blades. This is especlally true when comparing the
values of the momentum-thickness-parameter ratio at greater than optimum
values of solidity and blade number. This difference in the variations
of viscous loss with solidity and blade number can be explalned by the
fact that the blade surface area changes with solidity but 1s constant
as the blade number changes. Thus, the effect of a change in the momentum
loss per unit surface area 1s offset more by changes in area with changes
in solidity than 1t 1is with changes in area due to changes in the num-
ber of blades alone.

Consliderable effort has been made to provlide some means for estimat-
ing an optimum blade solidity for a particular veloclity diagram (see
refs. 5, 9, and 13). It should be noted that Zweifel's method (ref. 13)
is developed for incompressible and frictlonless flow through a two-
dimenslonal cascade and is based on the sssumption of zero suctlon-
surface diffusion in the case of reaction blade rows. For three-
dimensional blade rows for compressible flow with both high- and low-
reaction blade rows and with zero suction-surface diffusion investigated
by the authors, the optimum sclidities indicated by the test results
closely agree with those predicted by Zweifel's method based on blade
chord instead of axial chord. (This slight change in Zweifel's method
is discussed in appendix B.) For example, the optimum solidity based
on Zweifel's method for the example turbines of this report is 1.55 =as
compared with the optimum solidity of about 1.65 indicated by the per-
formance results (see fig. 8). Since a 30-percent variation from the
optimum solidity results in less than 0.0l drop in efficlency, the
optimum solidity predicted by figure 10, which is hased on the develop-
ment of appendix B, should result in efflciencies sufficlently close +o
the optimum.



22 . NACA RM E56F21

Changes in Blade Helght-to-Spacing Ratio and Solidity Combined

Tne variation of the momentun-thickness paremeter with changes in
both the number of blades and the solidity is indicated in figure 7{c)}.
The area of the figure enclosed by the contour for sg-D/eg—D,min of

1.10 approximately represents the region over which the difference be-
tween the optimum efficiency and the efficlency for any configurstion
within the region would be less than 0.0l. It —should be noted that this
reglon covers a falrly large range of blade number and solidity; however,
it 1s agalin evident that the blade loss 1s more sensitlive to solldity
than it is to the number of blades over the entire range of the figure.

Height Reynolds Number

The analysis showed that a change in the height Reynolds number for
a_ given velocity disgram (holding the blade helght-to-spacing retio b/s
and solidity o constant) as shown in figure 3%6) results in a change
in the blade surface and end-wall areas, the weight flow, and the blade
chord length. It was polnted out, however, that only the change in blade
chord length affects the viscous losses when considering the viscous loss
per unit of free-stream momentum, and that there 1s no counterbalancing
effect of area. Therefore, for every increase in the height Reynolds
number either by varying the geometry or the inlet flow conditlons there
should be an improvement in blade performance, as shown by Ffigure 7(d).
It should be noted that the height Reynolds number is the only primary
varisble in equation (12) for which there 1s not—an effect to counteract
the effect of-a change in chord Reynolds number.

The effects of turbine slze and inlet flow conditions on turbine per-
formance have been reported many times 1n the past. For Instance, an
improvement 1n performsnce with an increase in Re} due to changes in
inlet flow conditions only has been previously indicated by a serles of-
tests on a single-stage turbine reported 1n reference 14. For changes
in stator size only, figure 15(b) of reference 5 indicates that, for a
constant aspect ratic and solidity, the stator blade loss decreases with
increases in blade height or, in effect, the height Reynolds number.

For rotating blade rows, similarity is based not only on similar
blede geometry and £low conditlone but also on simllar work output per
unit-of wheel speed. This principle of similarlity for turbomachinery
18 discussed 1in detall in reference 15. The parameter often used to
correlate—the losses of turbomachines that are similar, as stated pre-
viously, is & machine Reynolds number that 1s defined in reference 15 as
the product of the rotor tip speed and the tip dlameter divided by the
kinematic viscosity at inlet conditions. In this case, variations in
the tip dlameter represent changes in the scale of the turbine; there-
fore, changes in blade height would be propoérticnal to changes in the

T90¥%
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tip diameter. Thus, the same correlations of the performance of similar
turbomachines would be obtained for both the machine and height Reynolds
numbers. The main difference between the two is that, for two-dimensional
or three-dimensional, statiorary or moving blade rows, the height Reynolds
number can be used; whereas, the machlne Reynolds number applies specifi-
cally to rotating components.

The effect of the machine Reynolds number on the performance of a
wide variety of turbomachines is preserted in reference 16. This refer-
ence shows that for every turbomachine report=d the performance Iimproved
as the machine Rzynolds number increased. A similasr trend is also re-
ported in reference 11, which shows that compressor and turbine perform-
ance improves with an increase in the machine Reynolds number.

SUMMARY OF RESULTS

An gnalytical investigation of the effect of changing blade geametry
on the viscous losses of axisl-flow turbomachines has been presented.
I+ was found that the viscous losses can be expressed as a function of
three independent variables: blade helght-to-spacing ratio, solidity,
and heizht Reynoclds number. For values of these variables for a series
of turbines for the same velocity diagram, = method of approximately de-
termining the optimum values of the blade pumber and solidity was derived
on the basis of experimental date for four comservatively designed tur-
bine rotors. The effects of deviating from these optimm values were
also presented. Since changes in tralling-edge blockage also affect the
blade loss total-pressure ratio, an analytical means of studying its ef-
fect on the number of blades corresponding to the minimum total-pressure
loss was also given.

In studying the effects of changes in blade height-to-epacing
ratio, solidity, height Reynolds number, and tralling-edge blockage on
the over-all blade loss it was found that, for a change in each vari-
able independent of the cother three:

1. A change in blade number results in two counteracting effects
resulting from changes in the chord Reynolds number and end-wall area.
These two effects counterbalance cach other fairly well over a wide
range of blade number.

2. A change in solidity results in two counteracting effects due to
a change in the momentum loss per unit surface area and a change in the
area of the blade surfaces and the end walls. These effects counter-
balance each other over a more limited range of solidity than is the
case when only blade number is varied.

——
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3. A change in the helght Reynolds number, resulting from either a
change in the inlet flow conditions or the scale of the turbine, results
in a change in the viscous loss due to the effect of a change in the
chord Reynolds number, and this effect is not counteracted by the change
in the blade-surface and end-wall areas. Thus, an increase in the height
Reynolds number results in an improvement in over-all performance.
Furthermore, the height Reynolds number is an lmportant parsmeter that
should be coneidered in correlating the performance of different
turbomachines. _

4, The trailing-edge blockage may affect to some extent the cholce
of the number of_blades corresponding to the minimum total-pressure loss.
Also, the number of bledes thus chosen wlll decrease with an increase in
the trailing-edge thickness.

Lewls Flight Propulsion laboratory
Natlonal Advisory Committee for Aeronsutics
Cleveland, Ohioc, June 22, 1858
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APPENDIX A

SYMBOLS
function of blede height-to-spacing ratio in eq. (12)
blade aspect ratio, b/c
function of solidity in eq. (12)
blade height, ft
function of height Reynolds number in eq. (12)
blade chord length at mean radius, ft |
boundary-leyer form factor; 5/6
specific work, Btu/lb

distance along blade surfece measured from forward stagnation
point, ft

exponent defining effect of change in Reynolds number on ratio of
momentum thickness to chord

number of blades

exponent defining simple-power-law veloclty profile, Wgs = <§%)n
absolute pressure, lb/sq ft

Reynolds number based on blade height, pWb/u

Reynolds number based on blade chord length, gWc/u

radius, ft

blade spacing or pitch at mean radius, ft

blade trailing-edge thickness, ft

absolute gas velocity, ft/sec

relative gas velocity, ft/sec
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Y length measured perpendiculasr to blade surface, ft
a gbsolute ges-flow angle measured from axial direction, deg
g blade mean-gsection stagger angle measured from axial direction, deg
B8 relative gas-flow angle measured from axlal direction, deg
T ratio of specific hests
s] boundary-layer displacement thickness, £t
&% boundary-laeyer displacement-thickness parameter, defined es
8tot
58 COS Bl
Bf length from blade surface to edge of free-stream reglon between
blade wakes measured perpendlculer to blade surface, ft
Bie trailing-edge-thickness parameter, v
8 co8 Bl
| sdiasbatlc efficiency
@ur squared ratio of-critical velocity at turbine inlet to critical
velocity 'at NACA standard sea-level temperature, (Vbr,o/vbr,sl)
8 boundary-layer mowmentum thickness, ft
6
6% momentum-thickness parameter defined as __tot
8 cos By
Btot effective momentum thickness based on turbine over-sll performance,
ft (see ref. 4)
n gas viscosity, 1b/(ft)(sec)
p gas density, lb/cu ft
o blade solidity at mean section, c/s
Y coefficient of aerodynemic loading (see ref. 13)
Subscrilpts:
er conditions at Mach nuwber of 1.0
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fs free stream, or that_condition between blade wakes
h hub

1 referring to any particular value of 1

m mean

min minimum

opt optimum

P pressure surface

ref feference or basé value

8 suction surface

sl NACA standard sea-level conditions

t tip

tot totel of suction- and pressure-surface values
u tangential

b4 exlal

(0] statlon Just upsitreem of blade leading edge

L station just inslide blade trailing edge

2 station downstream of trailing edge where circumferentially uniform

condlitions exist
2-D two-dimensional, considering mean-sectlon profile only

3-D three-dimensional, consldering blade surface and pessage end-wall
boundary layer

Superscripts:
' total state

relative total state
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APPENDIX B

A METHCD OF_ DETERMINING OPTIMUM SOLIDITY

In reference 13 a method is developed for predicting an optimum
solidity for turbomachine blading. In this method a coefficlent of aero-
dynemic loading V¥qp 1s defined by equation (148) of reference 13, which

revritten in the symbols of this report is

_ 2 cos Bz sin(Bp - Bz) =

cos Bp Cy (81)

¥

(In checking the derivation of VYmp, it was found thet the reference showed
an exponent of 2 for the term corresponding to cos B2 by mistake. In
order that Vg will slways be positive,-let the sense of the relative

gas-flow angles measured from the axlisl direction be such that the term
sin(Bp ~ B2) is always positive.)

The basic assumptlon used herein and in the reference is that the
optimum solidity based on axial chord length %% ,opt would be defined by

a VYp o0f 0.8 for any-set of inlet and outlet flow angles. Thus, Ox,opt
can be obtained from the equation :

) (fex _ 2.5 cos By sin(By - Bp) (B2)
X,0pt :;'opt._ cos Bp

In order. to obtain the optimum solldity based on blade chord length
o 1instead of that baged on the axial chord length oy from equation (B2),

it '1s necessary to determine the stagger angle g (f1ig. 11), because
the two solidity values ere related ss follows:

g = _Ui__ (BS)
cos ag

The stagger angle oy cen be closely approximated by aseuming thet the
blades are designed as shown 1in figure 11, with the assumptions thet
(1) The leading end trailing edges have Zero thickness.
(2) The suction-surface lengths from J to K and from L to M

are. atraight and set at angles equal to the inlet and cutlet flow angles,
respectively.

T90%
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(3) The suction surface from K to L is & circular arc of radius
a. To simplify the development, let the blade spacing s be equal to
1.0; then, cy 1is equal to 0y, and some of the lengths shown in figure 11

can be expressed as trigonometric functions only. In the development,
the inlet flow engle By 1is considered positive, and the outlet flow

sngle Bz 1is considered negative gs shown.
From figure 11 it cen be seen that

o, = sln Bo cos Bo + a sin Bp - & sin Bp - sin By cos By (B4)

By rearranging equation (B4),

Oy - 8in Bp cos Bo + sin B2 cos B2 (B3)

8= sin Bo - sin Bo

Substituting equation (B2) into equation (B5) gives

2.5 cos By sin(By - By) - sin By coszﬁo + cos Bg sln By cos By

8= cos Polsin By - sin Pa)
(Bs)
The stagger angle is glven by
g = tan~1 3 (B7)
Ox
end, from figure 11,
J = sinZBO - a(cos By - cos Bz) - sinzﬁg (B8)

The value of the stagger angle is thus defined by the inlet and outlet
flow angles Bo and By, because e, j, and o, are functions of

these two aﬁgles. Therefore, the value of the optimum solidity %opt

can be determined by substituting the values of Bp and Bz into
equations (B2), (B6), snd (B8) and solving equation (B3).

For a range of inlet and outlet flow angles that usually occur in
turbines, the optimum solidity wes calculated. Figure 10 presents the
results of these calculations, which were limited for the most part to
regction blading.
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APPENDIX C -

EFFECT OF VARYING TRAILING-EDGE BLOCKACE -

In addition to the viscous logs eslong the blade surface, there is a
totel-pressure loss resulting from the mass-flow vold behind the blade
trailing edge (fig. 1). Theoretical investigations of the effect of
trailing-edge blockage on blade losses including mixing are reported in
references 1 and 17, and an experimental Investigation of the effect of
e reduction in turbine stator trailing-edge thickness 1s reported in
reference 12. Also, results of an investigstion of the effect of trailing-
edge thickness on the drag of an sirfoil 1an the Mach nuwber range-of 0.7
to 1.8 are given in reference 18. In each of these references the-losses
including mixing incresse with both traillng-edge thickness end Mach

number.
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Even though the magnitude of the change in totsl-pressure lose for
a given change in treiling-edge- blockage cannot be accurately determined
from theory (see ref. 12), st least the trends of the total-pressure loss
with variations in trailing-edge blockege can be approximated. L

Variation ofTrailing-Edge Thickness Only -

For & varilation in tralling-edge thickness only, the conditions
inside the trailing edge (station 1 in fig. 2) can be approximeted from '
specified design condltions at station 2. From the design weight-flow

W
parameter at station 2, (EQWE— 27 the welght-flow psremeter at—station 1
er

can then be determined by considering the reduction ‘in flow ares attributed
to trailing-edge blockage by

oW
(D Wcr (p x) (c1)

The flow angle at station 2; Bo, 18 used 1in equation (C1) vecause it would
be specified by the velocity diagram and it closely agrees with 871 1in
most cases. Assuming no chenge in the whirl cowmponent of the veloecity,

(%)1 i} @’2?)2 (c2) )

Then by means of a "weight-flow" chart for the sppropriate value of the
rotio of specific heats ¥, such as figure 3 of reference 19, the critical

f
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L
Wer fs,l
obtained in equations (Cl) and (CZ). The velue of B3 can then be
obteined from '

velocity ratio at station 1, » can be determined for the values

By = sin~t Wy (c3)
- \W/gs,1

A small increase in t results in a compasratively smsell decresse in
Bl. Then, sssuming that etot is constant during changes of t, the

vaelue of eg;D decreases with an increase in t because of the decrease
in the value of Bj (see egs. (6) and (12)).

In the method of computing a loss total-pressure retio given in ref-
erence 3, the displacement-thickness psrameter 5§;D is computed from

the equation .

3 ¥*
3.p = HO3 p (ca)

where H 1is the form factor, and its values used hereln correspond to a
simple-power-law velocity profile with an exponent n of 1/7. The form

W W
factor H 1is a funection of |§F - , and increases as {7
er/fs,l er/fs,l

incresses. Thus, H 1ncreases to some swall degree with an incresse in
trailing-edge blockage. However, Bg;D decreases only slightly with an

increese in +t, because the increase in H 1is counteracted by a slight
decrease in 6% p.

The trailing-edge-thickness parameter 1s defined as

t
Bta = ——— C5
te s cos B1 (c5)
The value of e is directly increased by an increase in t, and this

increase is only slightly counteracted by the asccompanying decrease iIn
By -

Because the increase In t results directly in an increase In 8¢,

end indirectly in relatively small decreases in Gg_D and Sg;D, the

blade loss total-pressure ratio decreasses with an increasse in t as
shown by figure 9 for any specified number of blades.
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Varistion of Number of Blades Only

Consider next a varlation of the number of blades N only while
maintalning constant solidity, trailing-edge thickness, blade height, and
blade cutlet veloclty and angle at station 2. BSuch & change in N would
vary the trailing-edge blockage and the blade spacing s. An increasse in
s would increase B3 toward 1ts llmlting value B2, and it would also de-

crease the value of b/s. A decreasse in b/s could result in either an
increase or decrease in 6% _p, depending on the range of values of b/s,

ag can be seen by equation (12). With a change in Gg;D, there would be =
corresponding change in &¥_p of equetion (C4), affected only slightly by

a small change in H with a smell change in ﬁﬂ—) . Also, an Increase
cr/fe,L

in 8 and the resulting small increase In B7 would result In a decrease
in Bte of equation (C5).

The effect of-the change in s (represented by a change in N in
fig. 8) on the loss total-pressure ratioc for a Bte equal to zero is

shown by the curve for t equal to O in figure 9. This curve of loss
totel-pressure ratio indicates the same trend as that for the momentum-
thickness parameter shown in figure 7{a), considering the change in the
shape of the curve as a result of using two different abscissas toc repre-
sent the change In blade number N. The effect of-varying the ftrailing-
edge thickness t, which corresponds to changing B&i,, is shown for a

range of values of t &and N in figure 9, which is based on the stator
of reference 8.

Tralling-Edge Blockage Considerations

As previously mentioned, the total-pressure loss increases as the
trailing-edge thickness increases for a gilven number of blades; therefore,
thin tralling edges are desirable from an serodynamic standpoint. However,
stress limitations and fabrication practices sometimes restrict the
designer from speclfying thin treiling edges. Even so, an attempt should
be made to reduce the trailing-edge thickness as much as good Judgment
will allow.

Considering the fact that there must be a finite trailing-edge
thickness, which results in a flow blockage at the trailing edge, an sap-
proximation of the optimum number of blades can be determined by calculat-
ing the loss total-pressure ratio PE/Pa over a range of velues of 1

and N and plotting the results on a family of curves such as those

07
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shown in figure 9. The point where pg/pa is a meximum would be the
best design configuration based on the theory.

Because the variation of blade loss with trailing-edge blockage
depends on the ocutlet flow angle as well ss the blade outlet Mach number
(ref. 1), the effect of verying trailing-edge blockage will vary from
design to design. Therefore, for each design, a series of loss totsal-
breasure ratios would have to be calculated as previcusly discussed to
determine the effect of deviating from sn optimum treiling-edge blockage.
For example, figure 9 presents such a variation in loss total-pressure
ratio for the stator of reference 8 with a design outlet critical veloc-
ity ratio of 1.11 st & design angie of 62°. For this stator, it csn be
seen that for treiling-edge. thicknesses on the order of 0.010 inch the
effect of varying the number of blades 18 small, but for thicknesses on
tte order of 0.050 inch the effect of varying the number of blades is
large. These loss trends for varying blocksges sre similsr to those
thet would be obtained for any other blade configuration, except that for
%ower e;it velocities the effect of blockaege would not be as great

ref. 1).

The relative lmportance of tralling-~edge thickness depends largely
on the ranges of blockage and Mach number being considered and the effect
on over-sll performence (see ref. 12)}. A value of B;, under 0.05 would

not be considered detrimental in most cases, but values of B8, over

this value should be examined from the standpoint of the effect of
blockage on the loss total-pressure ratio. It is possible, ess indicated
by figure 9, that high blockeges could result in high losses in total
pressure. Therefore, the selection of the finel blade configurastion
should be guided to some extent by the contribution of the trailing-edge
blockage to the over-all totsasl-pressure loss.
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TABLE I. - DATA FOR FIVE EXAMPLE TURBINES

[Design values are based on conditions
at blade mean radius.]

Number of blades, N 64 44 32 24 88
Solidity, o 2.586 | 1.778 | 1.29%°| 0.970 | 1.778
Aspect—ratio, & .97 1.97 | 1.97 1.97 | 3.94

Equivalent specific work output,

. . . .66 14
Ah'/gcr’ Btu/lb 16.68 | 16.14 ; 16.51 | 16.6€ | 16.1

Adiabatic efficlency st design
specific work output and 0.870 | 0.891 | 0.886 | 0.865 | 0.887
speed, 7

Trailing-edge thickness, t, in. 0.030 | 0,030 | C.030 | 0.030 | 0.015

Rotor-outlet relative critical

velocity ratio, (W/Wér)z 0.833 | 0,854 | 0.8%2 | 0.935 | 0.854

Rotor-cutlet relative flow angle,

49.9 48.1 45.6 43.0 48.1
B, deg

1907



4081

e_+80 =et0'b

Figure 1. - Typical blade indicating momentum loss characteristics due to boundary lasyer and
mass-flow void behind tralling edge.
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Figure 2. - Boundary-layer characteristics for two-dimensional cascade.
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Figure 11. - Blade design variebles used 1in determining stagger angle-

NACA - Langley Field, Va.
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